EMBEDDING THEOREMS FOR THE DUNKL HARMONIC 

OSCILLATOR 



JESUS A. ALVAREZ LOPEZ AND MANUEL CALAZA 



Abstract. Embedding results of Sobolev type are proved for the Dunkl har- 
monic oscillator on the line. 



1. Introduction 

The Dunkl operator (ct > -1/2) on C°°(R), is the perturbation of ^ defined 
by To- = ^ on even functions and ^o- = ^ + 2(7^ on odd functions. This kind of 
operator, more generally on M", was introduced by C.F. Dunkl [l2 l [T3 j 114 } [TS l 116 ) . 
It gave rise to what is now called Dunkl theory (see the survey article [32|). In 
particular, the Dunkl harmonic oscillator [30l [171 EH Elj is the perturbation — 
— + s^x^ (s > 0) of the usual harmonic osciUator H = — ^ + s^x^. 

On the other hand, let be the sequence of orthogonal polynomials for the 
measure e"''^ Ixp"^ dx, taken with norm one and positive leading coefficient. Up 
to normalization, these are the generalized Hermite polynomials |33[ p. 380, Prob- 
lem 25]; see also [9j [TTl [181 [IHl [SOI [31]. The corresponding generalized Hermite 
functions are (j)k = Pke~'^^ 

For each m € N, let 5™ be the Banach space of functions (f) G C""(]R.) with 
supj. \x'^ 4>''^\x)\ < oo for i + j < m; thus S = Plm'^™' ''^ith the corresponding 
Frechet topology, is the Schwartz space on R. It is known that L^-, with domain 
S, is essentially self-adjoint in L^(]R, \x\'^°' dx), and the spectrum of its sclf-adjoint 
extension, denoted by Ca, consists of the eigenvalues {2k + 1 + 2a)s (fc G N), with 
corresponding eigenfunctions 4>k [30]. For each real m > 0, let W™ be the Hilbert 
space completion of S with respect to the scalar product defined by {4>,4')w^ ~ 
{{1+Ca)'^(j), ip}cr, where ( , )a denotes the scalar product of L^(M, \x\'^'^ dx). Let also 
= Plm ^it" ^itli the corresponding Frechet topology. The subindex ev/odd is 
added to any space of functions on K to indicate its subspace of even/odd functions. 
The following embedding theorems are shown; the second one is of Sobolev type. 
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Theorem 1.1. For each m > 0, S^^J^'^J^"'^'^ C W^™ov/odd continuously, where 



^m,cv /odd 



M„ 




\a~\ ( [cr] + 3) + \(T~\ if cr > and \m~\ is odd 
if (7 < and [m] is odd , 

[cr] ( [cr] + 3) + [ct] if cr > and [m] is even 
if a < and [m] is even , 

_/^^^ + ^^M(M+3)+[ct] tf(J>0 and\m] is even 
l2|m|+4 ij a < \j and \ m\ is even . 

Theorem 1.2. For allm G N, W^^^v/odd ^ ^Z/odd continuously if M > M„,cv/odd; 
where 

Mo,cv = 2 , Mo,odd = 5 , Mi^ov/odd = 6 (fi < 0) , 
Mo,ev/odd = 6 (0 < a < 1) , 

I m' + 6 if m' is odd/even , , 1. _ ^, 

iVWv/odd=<^ , ^ . (m' = TO+-[a]([a] +1)>2). 

I m + 5 1/ m IS even/odd z 

Corollary 1.3. 5 = as Frechet spaces. 

In other words, Corollary II .31 states that an element (p e L^(]R, \x\'^'^ dx) is in 5 
if and only if the "Fourier coefficients" (0, (/)fe)o- are rapidly decreasing on k. This 
also means that S — Hm ^('C™) the smooth core of Cc with the terminology 
of [5]) because the sequence of eigenvalues of is in 0{k) as /c — cxo. 

We introduce a version 5™ of every 5™, whose definition involves instead 
of They satisfy much simpler embeddings: 51"^+^ C W^, and W^"' C 5^" if 
m' — m > 1. Even though 5 = Plnx'^o"' ^he inclusion relations between the spaces 
5™ and 5™ are complicated, giving rise to the complexity of Theorems ll.ll and ll.2l 

Other Sobolev type embedding theorems, for different operators and with differ- 
ent techniques, were recently proved in [36l l37l [381. 

Next, we consider other perturbations of H on R+. Let Sev,u denote the space 
of restrictions of even Schwartz functions to some open set U, and set (j)k,u = (f'klu- 

Theorem 1.4. Let P = H-2fi + where fi G C^{U) and /a G C{U) for some 
open subset U C K+ of full Lebesgue measure. Assume that /2 — <j{a — l)x^^ — 
fi — f[ or some a > —1/2. Let h — x'^e~^^, where Fi £ C'^{U) is a primitive of 
fi . Then the following properties hold: 

(i) P, with domain hScv,u, is essentially self-adjoint in L^(R4-,e^^i dx); 

(ii) the spectrum of its self-adjoint extension, denoted by V , consists of the 
eigenvalues (4fc + 1 + 2cr)s (fc G N) with multiplicity one and normalized 
eigenf unctions ^/2h(j)2k,u i CLnd 

(iii) the smooth core of V is hScv,u- 

This theorem follows by showing that the stated condition on /i and /2 charac- 
terizes the cases where P can be obtained by the following process: first, restricting 
La- to even functions, then restricting to U, and finally conjugating by h. The 
term of P with ^ can be removed by conjugation with the product of a positive 
function, obtaining the operator LL -\- a{a — l)x~^. In this way, we get all operators 
of the form LL + cx^^ with c > —1/4. 
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The conditions of Theorem 11.41 are satisfied hy P = H — 2cix~^-^ + C2X~'^ 
(ci, C2 G M) on if and only if there is some a S M such that a^ + (2ci — l)a— C2 = 
and a + ci > —1/2; in this case, h — x"" and e^^^ — x^'^^ . For some ci,C2 G M, there 
are two values of a satisfying these conditions, obtaining two different self-adjoint 
operators defined by P in different Hilbert spaces. For instance, L„ may define a 
self-adjoint operator even when a < —1/2. 

This example is applied in [2] to prove a new type of Morse inequalities on strata 
of compact stratifications [Ml |3S] with adapted metrics [23 [5^1 [S] , where Wit- 
ten's perturbation |39] is used for the minimal/maximal ideal boundary conditions 
of de Rham complex [3 |H1 [S] . The version of Morse functions used in [2J is different 
from those considered by Goresky-MacPherson [SD]. More precisely, the operator 
P describes the radial direction of Witten's perturbed Laplacian in the local conic 
model of a stratification around each critical point. The two possible choices of a 
give rise to the minimal/maximal ideal boundary conditions. 

Other examples of operators satisfying the conditions of Theorem 11.41 are 

P = H - 2cx''4- + (y{(y - 1)2;"^ - c^x^'- - crx'^-i , 
dx 

P = H - 2c tanx -f- + cr(a - 1)2:"^ + c(c - 1) tan^ x - c , 
dx 

on ]R+ and M+ \ (2N + l)f , respectively, where a > -1/2, r ^ -1 and c € M. 



2. Preliminaries 

2.1. Dunkl operator. Recall that, for any e C°° — C°°(R), there is some 
ip € C°° such that — 0(0) = xip{x), which also satisfies 

ij("'\x)= f t"'<j>^'''+^Htx)dt (1) 



for all m e N (see e.g. [HJ Theorem 1.1.9]). The notation ip = x^^cj) is used. 

The Dunkl operator, in the case of dimension one, is the differential-difference 
operator T^- on C°°, depending on a parameter cr € R, defined by 

[1„<P){X) = (x) + 2(T . 

X 

It can be considered as a perturbation of the derivative operator 

Consider the decomposition C°° — ® ' direct sum of subspaces of even 
and odd functions. The matrix expressions of operators on C°° will be considered 
with respect to this decomposition. The operator of multiplication by a function h 

will be denoted also by h. We can write '(f')''^~fx 0^ ^^^"^ 



T - ( £ + 2ax-i\ ^ /O 



on C°°. With S = ( Q ) : ^e have 



[T„,a;] = 1 + 2S , r<,S + S]r„ ^xS + Ex^O 



(2) 
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Consider the perturbed factorial mlcr of each m G N, which is inductively defined 
by setting 0!o- = 1, and 



7.1 



(rn — l)!crm if m is even 

(to — l)!(j(m + 2(t) if m is odd 



for m > 0. Observe that toI^ > if cr > —1/2. For k < m, even when = 0, 
the quotient mla-fkla- can be understood as the product of the factors from the 
definition of toI^- which are not included in the definition of fclo-. For any (jj e C°° 
and m G N, by ([1]) and induction on to, we get 

(r;V)(0) = ^0('"no) . (3) 

2.2. Dunkl harmonic oscillator. Recall that, for dimension one, the harmonic 
oscillator, and the annihilation and creation operators are H = —-^ + s^x^ , A = 
sx+-^ and A' = sx— on C°°. By using T„ instead of d/dx, we get perturbations 
of H, A and A' called Dunkl harmonic oscillator, and Dunkl annihilation and 
creation operators: L = -T^ + s^x'^, B = sx + and B' = sx - T^. By 

L ^ BB' - (1 + 2E).s = B'B + (1 + 2S)s = ^{BB' + B'B) , (4) 

[L, B] = -2sB , [L, B'] = 2sB' , (5) 

[B,B']-25(1 + 2S), (6) 

[L,S] = BS + = + ES' = . (7) 
For eactQ to e N, let 5™ be the space of functions (f> e C°° such that 



E 



sup < oo 



This defines a norm || |Lgm on S"\ which becames a Banach space. We have 
^m+i ^ continuousljo, and 5 = Hm'^™' '^i^^ the induced Frechet topology, is 
the Schwartz space on R. Let us remark that < ll'/'Hs^+i for all to. 

The above decomposition of C°° can be restricted to each 5™ and S, giving 
5™ = © and S = Scv © Sodd- The matrix expressions of operators on S 
will be considered with respect to this decomposition. For (p £ C^, ip — x~^ip and 
i,j e N, it follows from (P) that 

\x'tp^^'>{x)\< [ t^-'\{txy(l)^^+^'>{tx)\dt<snp\y'<j>^^+^'>{y)\ 
Jo yeK. 

for all x e M. Thus HV'lls™ ^ ll^lls^+i for all to e N, obtaining that 5odd = xScv 
and x~^ : — ^ restricts to a continuous operator x^^ : Sodd — > 
Therefore x : iSev — > ^odd is an isomorphism of Frechet spaces, and T^, B, B' and 
L define continuous operators on S. 

Let ( , )cr and || ||cr denote the scalar product and norm of L'^{R,\x\^'^ dx). 
Assume from now on that a > —1/2, and therefore S is dense in L^(IR, \x\'^"' dx). In 
L^(M, \x\^"' dx), with domain S, —To- is adjoint of T^, B' is adjoint of B, and L is 
essentially self-adjoint. The self-adjoint extension of L, with domain S, is denoted 



^We adopt the convention G N 
^Let X and Y be topological vec 
subspace of Y and the inclusion map X ^ Y is continuous. 



^Let X and Y be topological vector spaces. It is said that X GY continuously if X is a linear 
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by £, or La- Its spectrum consists of tlie eigenvalues (2/c + 1 + 2(t)s (k e N). The 
corresponding normalized eigenfunctions 0fe are inductively defined by 

('(2fcs)-i/2sVfc-i if fc is even 

|(2(fc + 2fT)s)-i/2s'<j!)fc-i if fc is odd 

for fc > 1. We also have 

B(/.o = , (10) 
(2fcs)i/^(/)fe_i if fc is even 



Ok = 



(2(fc + 2cr)s)i/2(/)fc_i if fc is odd 
for fc > 1. These assertions follow from (H])-© like in the case of H. 



(11) 



2.3. Generalized Hermite polynomials. From Q and the definition of B', 
it follows that (j)k = Pk£~^^ where pk is the sequence of polynomials inductively 
defined by po = s^^''+^'>/*T{a + 1/2)-^/^ and 



(2fcs) ^/'^{2sxpk-i — Tapk~i) if fc is even 

(2(fc + 2cr)s)-^/'^{2sxpk^i - T^Pk-i) if fc is odd 



for fc > 1. Up to normalization, these are the generalized Hermite polynomials; i.e., 
the orthogonal polynomials associated with the measure |a;p°'e~'''^ dx [33l P- 380, 
Problem 25], and therefore (j)k are the generalized Hermite functions. Each pk is of 
precise degree fc, even/odd if fc is even/odd, and with positive leading coefficient. 
We also have To-Po = and 

^ ^ |(2fcs)i/V-i if fc is even 

"^'^ \(2{k + 2a)sY/^pk-i if fc is odd ^ ' 

for fc > 1. The following recursion formula follows directly from ([T2l) and ([T3|) : 

^{k-^/^{{2sY'^xpk-i-{k-l + 2<jY'''pk-2) if fc is even 

\{k + 2a)-^'\{2s)^/^xpk^i-{k-lf/^Pk-2) if fc is odd. ^ ' 

From p4p and by induction on fc, we get the following when fc is odcH 



(fc - l)(fc-3)---(^ + 2)2s 
(fc + 2CT)(fc-2 + 2cr)-- •(£ + ! + 2a) 



X 'Pk= 2^ (-1) ^ W , o , o-^ \n , \ , o-N " (1^) 



£e{o,2,...,fe-i} 

The following theorem contains a simplified version of the asymptotic estimates 
satisfied by the functions 4>k and S^k = 4'k- They can be obtained by expressing 
the generalized Hermite polynomials in terms of the Laguerre ones |311 132] , and 
using the asymptotic estimates of the Laguerre polynomials [HI [31 [Ml [13] • The 
method of Bonan-Clark ^4. can be also applied [T]. 

Theorem 2.1. There exist C,C',C" > 0, depending on a and s, such that: 

(i) if fc IS odd ora>0, then ^l{x) < C'k-^'^ for all x e R ; 

(ii) if k is even and positive, and a < 0, then ^^(x) < C"k~^/^ for \x\ > 1; and 



■^As a convention, the product of an empty set of factors is 1. Thus (fc — l)(fe — 3) ■ ■ ■ + 2) 
for £ = fc - 1 in l[T5)l . 
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(iii) if a <0, then < C" for all k and \x\ < 1. 

3. Perturbed Schwartz space 

We introduce a perturbed version 5™ of each 5™ that wiU be appropriate to 
show our embedding results. Since 5™ must contain the functions (t>k, Theorem l2.1l 
indicates that different definitions must be given for a > and ct < 0. 

When cr > 0, for any (j) € C°° and to € N, let 

sup\xrWTl^ix)\ . (16) 

This defines a norm || H^™ on the linear space of functions cj) £ C°° with || fills'" < 00, 
and let 5™ denote the corresponding Banach space completion. There are direct 
sum decompositions into subspaces of even and odd functions, 5™ = S^cv®^Todd- 
When CT < 0, the even and odd functions are considered separately: let 

i-\-j<m, even \i i i— / 



+ Y sup\xr \x\Tl^){x)\ (17) 



i-\-j<m., i-i-j odd 



for cj) G , and 



Uh,.^ J2 sup|xnx^(Ti0)(a;)| 




■i+j<m, i+i even ^^^^ 

sup W{Tlcl>){x)\ + sup la^r Wm){x)\] (18) 

\x\<l \x\>l J 

for (f> € C^j. These expressions define a norm || H^™ on the linear spaces of 
functions (/) in and with H^Hg™ < 00. The corresponding Banach space 
completions will be denoted by S"^^^^ and 5™,,^. Let 5™ = 5™,,^ ffi '5™odd- 

Independently of the sign of cr, there are continuous inclusions 5™+^ C 5™, and 
a perturbed Schwartz space is defined as Sa = 5™ , with the corresponding 
Frechet topology, which decomposes as direct sum of the subspaces of even and 
odd functions, = Sa.cv ® ^o-^odd; in particular. So = S. It easily follows that 
consists of functions that are C°° on ]R\ {0} but a priori possibly not even defined 
at zero, and 5™ n C°° is dense in 5™ for all m; thus So- H C°° is dense in Sa- 

Obviously, E defines a bounded operator on each 5™. It is also easy to see that 
To- defines a bounded operator 5™ for any to; notice that, when ct < 0, 

the role played by the parity of i + j fits well to prove this property. Similarly, x 
defines a bounded operator 5™+^ — 5™ for any to because 



\ jT^ ^ if J is even 

l(j+2E)Tr^ if J is odd 



by ©. So i? and B' define bounded operators 5™+^ 5™ too, and L defines a 
bounded operator 5™+^ 5™. Therefore T^r, x, E, i?, i?' and L define continuous 
operators on S^- 

In order to prove Theorems 11.11 and II. 2| we introduce an intermediate weakly 
perturbed Schwartz space Sw,a- Like Sa, it is defined as a Frechet space of the form 
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Sw,a — r\m.^w.aj whcrc cach 5™^ is the Banach space defined hke 5™ by using 
instead of T„ in the right hand sides of p^ -([T ^ : in particular, 5°^ — 5° as 
Banach spaces. The notation |j ||s™^ will be used for the norm of 5™^.. As before, 
Su],a consists of functions which are C°° on M \ {0} but a priori possibly not 
even defined at zero, Sw,a-(^C'^ is dense in S^.a-, there is a canonical decomposition 



55, 



tw,cr,odd; 



and -4- and x define bounded operators on 5™+^ — ^ 5„ 



Thus ^ and x define continuous operators on Sw^a- 

Lemma 3.1. If u > 0, then S"^^^'''^ C 5™^. continuously for all m. 

Proof. Let 6 5. For aU i and j, we have \x\'' \x^ (l)'^^\x)\ < [x'+M^^^H^:)! for 



> 1, and \x\'^\x'(f>^^'){x)\ < \x'(f>^^\x)\ for |x| < 1. So 



< 



□ 



Lemma 3.2. If <t > 0, then 5™^. C 5™ continuously for all m, where 

m' = m+l + + 1) 



Proof. Let (p G Sw,a-. For all i and j. 



(19) 



for I a; I > 1. It remains to prove an inequality of this type for \x\ < 1, which will be 
a consequence of the following assertion. 



Claim 1. For each n G N, there are finite families of real numbers, cJJ 



.6' "fe,. 



and 



eJJ J,, where the indices a, 6, k, £, u and v run in finite subsets of N with b,i,v < 
M„ = 1 + I±±ll and k>n, such that, for all G C°°, 



0(x) 



<,x'^(/.(^)(l) + J2dl,x'cl,('Hx) + J2 <v^" f dt 

k.e u,v •'^ 



a,b 



Assuming that Claim [T] is true, the proof can be completed as follows. Let 
' G Sw^a and set n = [a]. For |a;| < 1, according to Claim[Tl \(j){x)\ is bounded by 



a.b 



1) I + E 1^'-^'" (^) I + E 1 2 max r<^(") (i) 

< E Kb\ ^^'Hi)\ + E \dii\ + E KJ 2maxKr 



Let m, i, J G N with i + j < m. By applying the above inequality to the function 
x^cj)^^^ , and expressing each derivative (a;* )('') as a linear combination of functions 
of the form a;P0'^*) with p+q < i+j+r, it follows that there is some C > 1, depending 
only on a and m, such that 



x'(l>^'\x) < C|l</>|l5^+.+M. 



(20) 



for |x| < 1. By (HH) and (EOl), II^IU- < C U\\s^', ^it^ m' = m + M„. 

Now, let us prove Claim [T] By induction on n and using integration by parts, it 
is easy to prove that 

„1 n 



(t) dt 



r=0 



(_l)"-^(0W(i)_^.-0W(^)) 



(21) 
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This shows dhectly Claim [T] for n e {0,1}. Proceeding by induction, let n > 1 
and assume that Claim [T] holds for n — 1 . By ([2T|) , it is enough to find appropriate 
expressions of x^(j)^'^\x) for < r < n. For that purpose, apply Claim [T] for n — 1 
to each function t/)*^''-' , and multiply the resulting equality by to get 

a,b k,l 

u,v "'^ 

where a, 6, A:, ^, u and v run in finite subsets of N with b,£,v < Af„_i and k > n— 1; 
thus r + k > n and 

r + 6,r + ^,r + t;<n-l + M„_i M„ - 1 . 

Therefore it only remains to rise the exponent of i by a unit in the integrals of the 
last sum. Once more, integration by parts makes the job; 

J X 

Lemma 3.3. If a < 0, then 5'"+^ C 5™^. continuously for all m. 

Proof. This is proved by induction on m. For </> G and |a;| > 1, we have 
|a;|'^ |</>(a:)| < |^f>(a:)|, obtaining |j II50 ^ < || H^o on C^. On the other hand, for 
e C"^^^ and ij} = x-'^cj) G C^, we get 



\ip{x)\ ifO<|2:|<l 
|0(x)| if|x|>l. 



\xn<f>{x)\ < 
So, by m, 

H\\s»,_^ < niax{||0||5o, \\tlj\\s«} < II0II51 • 

Now, assume that m > and the result holds for to — 1. Let i,j G N such that 
i + j < m, and let 4> G S^v U 5odd- Lrdependently of the parity of 4> and i + j, we 
have < \x^ (t)^i'> {x)\ for |x| > L 

Suppose that G 5ov. If i = and j is odd, then 0^^^ G 5odd- Thus there is 
some i/' G Scv such that (/i*^-'' = xip, obtaining < \'4^{x)\ for < |x| < 1. 

If z+j is odd and i > 0, then \x\''\x^(l)'-^\x)\ < \x'-^(l)'-^'> {x)\ for < |a;| < 1. Hence, 
by (HI), there is some C > 0, independent of (j>, such that 

<Cmax{||(/)||5.",||V^||5o}<C'max{||0||5™,||0(^)||5i} <C||^ . 

Finally, assume (j) G 5odd- There is some ^ G Scv such that = xtp. If i is even 
and j = 0, then |a;|'^ < for < < 1. If i + j is even and j > 0, 

then 

Ixl" x'(f>^^^x) < x'ij'^^\x) +j\x\'' x'ij'^^-^\x) 

for < I a; I < 1 because = j f^jli ■ Therefore, by ^ and the induction 

hypothesis, there are some C", C" > 0, independent of 4>, such that 

ll'/'lls."^ <C'max{||0||5™, IIV-lls" + 11^115^-1} < a" ll^lls^+i . □ 
Lemma 3.4. If a < 0, then 5™^^ C 5™ continuously for all to. 
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Proof. Let i,j G N such that i + j < m. Since 

'ixflx'cty^^^x)] ifO<|a;|<l 



< 



\xr \x' ' ^0^^'>{x)\ if \x\ > 1 



|a;*+i0U) 

for any e C°° , we get < H^H^^+i- □ 

Corollary 3.5. S — S^.a as Frechet spaces. 

Corollary 3.6. x~^ defines a bounded operator ^ ^^^^ where 
, fm + 2+ +3) ifa>Q 

TO = < 

[to + 3 tfa<0. 
Proof. If cr > 0, the composite 

is bounded by Lemmas 13.11 and 13.21 If cr < 0, the composite 

c»ri+3 ^, cm+2 ^ ^ , cm+1 ^, cm 
^■u;,(T,odd ^ ^odd ^ ^cv ^ ^tu,o-,ev ) 

is bounded by Lemmas 13.31 and 13.41 □ 



Corollary 3.7. x defines a continuous operator Sw,a,odd ^ S., 



w,(T,ev 



A'l 

Lemma 3.8. S 5™ continuously for all to, where 

u;,cT, cv/odd CT,cv/odd ^ ' 



-^^m.cv/odd 



^ + f H (T'^l + 3) cr > and m is even 
2to if a < and m is even , 

' m_J. [cr] ([crl +3) i/ CT > and m is odd 

2to — 1 if a < and m is odd , 



^ + ^ [cr] ([ct] +3) ifa>Oandm is odd 
™"° I 2to +1 if a < and to is odd . 

Proof. The result follows by induction on to. The statement is true for m — 
because S*^ ^ — as Banach spaces. Now, take any to > 0, and assume that the 
result holds for to — 1 . 

For (j) e C^, i + j < m with j > 0, and a; € R, we have \x''-{Tl(l)){x)\ ^ 
\x'iTl-^cj}')ix)\ with 0' e obtaining Uh^ < ll-Z-'IU;-! • But, by the in- 

duction hypothesis and since Mm.cv = .^m-i.odd + 1, there are some C, C" > 0, 
independent of (f>, such that 

For (j) e C^j, let -0 = x^^cj), and take i, j and x as above. Then 

\x\Tl^)ix)\ < \x\Tr'^'){x)\+2\a\ \x\Tr'^){x)\ 

with (/)','(/' G C'ct; obtaining H^Hg™ < H'Ws^-i +2 |cr| HV'llg™-!. But, by the induc- 
tion hypothesis, CoroUarv 13.61 and since 

^Mra-l.e. + 2 + ^\a^i\a^+3) ifa>0 

A^rn-l.cv + 3 if CT < , 
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there are some C, C" > 0, independent of 4>, such that 



<C'||^|| -„,oad • □ 



Corollary 3.9. Sw,a C continuously. 



Corollary 3.10. ^^vjodd"'^'^ ^ ^cTcv/odd continuously for all m, where 



-^^77i,ev/odd 




m,odd 



J \(f \ {\<t\ + 3) + if (T > and m is even 

if a < Q and m is even , 

\a'\{\a'\ + 3) + [cr] if <J>0 and m is odd 
if a < and m is odd . 

321+1 _u ™±i [cr] ([cr] + 3) + [cr] if a > and m is odd 
2 if a < and m is odd . 




Proof. This fohows from Lemmas 13.11 13.31 and 13.81 □ 

4. Perturbed Sobolev spaces 

Observe that S„ C L^(M, |a;p°' c?x). Like in the case where S is considered as 
domain, it is easy to check that, in L'^(M, jx^'^da;), with domain Su^ B is adjoint 
of B' and L is symmetric. 

Lemma 4.1. Sa is a cor^ of C. 

Proof. Let R denote the restriction of £ to 5^. Then C C R C B* C C* = C in 
L2(R, dx) because 5 C 5,, by Corollaries E3] and |3H □ 

For each m> 0, let W™ be the Hilbert space completion of S with respect to the 
scalar product ( , defined by {(j),tp)w^ = {{^ + C)"^4'i'4')<j- The corresponding 
norm will be denoted by || \\w^i whose equivalence class is independent of the 
parameter s used to define L. In particular, — L^(IR, jxp"^ dx). As usual, 
W^' C when m' > m, and let = Hm '^i^^ the induced Frechet 

topology. Once more, there are direct sum decompositions into subspaces of even 
and odd (generalized) functions, VK™ = ^^cv © ^™odd ("^ ^ °°\)- 



Remark 1. By Lemma [4711 Sa can be used instead of S in the definition of W™. 

Obviously, L defines a bounded operator — >• W™ for each m > 0, and 
therefore a continuous operator on . Moreover, by ([7|), E defines a bounded 
operator on each WJ^ , and therefore a continuous operator on . 

Lemma 4.2. S and B' define bounded operators W^^^ for each m. 

Proof. This follows by induction on m. For m = 0, by (|4]), 

\\Bm = \\B'<j,\\l = {B'Bcj,, 4>), = {{L - (1 + 2S)s)0, 0), < Co Ufw^ 

for ail (f> G S and some Co > independent of (j>. It follows that B and S' define 
bounded operators — > L^(R, Ixp"^ dx). 



^Recall that a core of a closed densely defined operator T between Hilbert spaces is any 
subspace of its domain 'D{T) which is dense with the graph norm. 
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Now let m > and assume that there are Cm-i, Cm-i > so that < 
Crn-i 11011^™ and < C;,_i for all e 5. Then, by ®, " 

= (1 - 2s) + {BL^,Bcj))^^-^ 

< (1 - 2s) |1S0|P^„,-. + 

< (1 - 2s)C™_i + C^^i ||L0||;y^ II^IIh.^ < 

for some Cm > independent of 0. Similarly, ||-B'0||^m < ll'/'li^m+i for some 
C'^ > independent of 0. □ 

E preserves M/™,/,^,, whilst S and B' define maps W^™+)odd W^oM/c.- 
Therefore L defines maps W^J^^^^^^ ^acv/odd ©■ Observe that B' is not 
adjoint of B in M^™ for m > 0. 

The motivation of our tour through perturbed Schwartz spaces is the following 
embedding results; the second one is a version of the Sobolev embedding theorem. 

Proposition 4.3. si"^'^^^ C M^™ continuously. 

Proposition 4.4. T4^™ C 5™ continuously if m! — m> 1. 

Corollary 4.5. Sa — as Predict spaces. 

For each non-commutative polynomial p (of two variables, X and Y), let p' de- 
note the non-commutative polynomial obtained by reversing the order of the vari- 
ables in p- e.g., \ip{X, Y) = X'^Y^X, then p'{X, Y) = XY^X"^. It wiU be said that 
p is symmetric if p{X, Y) = p'{Y, X). Notice that any non-commutative polynomial 
of the form p'{Y, X)p{X, Y) is symmetric. Given any non-commutative polynomial 
p, the continuous operators p{B, B') and p'{B' , B) on Sa are adjoint of each other 
in L^(R, Ixp'^da::); thus p{B,B') is a symmetric operator if p is symmetric. The 
following lemma will be used in the proof of Proposition 14.31 

Lemma 4.6. For each to e N, we have (1 -f L)™ = J^alai^' , B)qa{B, B') for 
some finite family of homogeneous non-commutative polynomials Qa of degree < to. 

Proof. The result follows easily from the following assertions. 

Claim 2. If to is even, then L™ = gm{B, B')^ for some symmetric homogeneous 
non-commutative polynomial gm of degree m. 

Claim 3. If to is odd, then 

= g'rnjB'.. B)gmAB, B') + g[,,AB',B)gmAB, B') 

for some homogeneous non-commutative polynomials gm,i and gm.2 of degree to. 

If to is even, then L"/2 ^ gm{B,B') for some symmetric homogeneous non- 
commutative polynomial g^ of degree to by (H]). So L™ = gm{B, B')^ , showing 
Claim H 

If to is odd, write lL"i/2J = ^^^^(^^ 5') as above for some symmetric homogeneous 
non-commutative polynomial /,„ of degree to — 1. Then, by 

= i fm{B, B'){BB' + B'B)fm{B, B') . 
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Thus ClanTL [3] follows with 

g^AB,B') = ^B'frn{B,B') , g^MB, B') = ^ BUiB, B') . □ 



Proof of Proposition \4.3\ when a > 0. By the definitions of B and B' , for each non- 
commutative polynomial p of three variables with degree < to', there exists some 
Cp > such that \x\'^ \p{x, B, B')(j)\ < Cp \\(j)\\gm.' for all (j) e S^-. We can assume 
that TO e N, and write (1 + = J^a I'aiB' , B)qa{B, B') according to Lcmma[ 
Let qa{x, B, B') = x"''-"'qa{B, B'). Then, for each cj) e S^, 



Ik— E 



/oo 
\{qa{B,B')cl,){x)\'\x\'^dx 

< 2 + Cl dx^ II 



2 

1 5" 



where the integral is finite because to' — m > 1. □ 

Proof of Proposition \4-3\ when a <Q. Now, according to (fT7|) and (fT8|) . for each 
homogeneous non-commutative polynomial p of three variables with degree d < 
to', there is some Cp > such that \{p{x, B, B')(j)){x)\ < Cp H^H^™' if |a;| < 1, 
(j> £ S„^cv/odd and c? is even/odd; and Ixl"' \{p{x, B, B')(j)){x)\ < Cp \\4>\\sm' otherwise. 

With the notation of Lemma [4?6l assuming that m e N, let da denote the degree 
of each homogenous non-commutative polynomial qa, and let (jaix, B, B') be defined 
like in the case ct > 0. Then, as above, ||0||^m is bounded by 

poo \ 

^-2(m'-m)^^ ||0||2^,, 




for (j) e Sa.odd, where the integrals are finite because a > —1/2 and m' — m > 1. □ 

Remark 2. In the last proofs, the condition m' ~ m > 1/2 is enough to get finite 
integrals. But the definition of qa requires m G N, and qa is a polynomial because 
to' — m G N. 

For c = (cfc) and c' = (c'j,) in R^, the expressions ||c||c„ = supj, |cfc|(l -I- fc)'" and 
(c, c')g2^ — J2k Cfec'j,(l-l-fc)™ define a norm and a scalar product with possible infinite 
values, and let || 11^2 denote the norm with possible infinite values induced by ( , )£2 . 
Then Cm = {c e M'* | ||c||c,„ < oo } becomes a Banach space with || ||c,„, and 

= { c G I ||c||f2^ < oo } is a Hilbert space with ( , )i2^. There are continuous 
inclusions, Cm' C Cm and £f^, C foi" > "^i and let Coo = flm ^™ ^oo = 
(^m^rm "^i^^ the induced Frechet topologies. A sequence c = (cfe) will be called 
even/odd if = for all odd/even k. There are direct sum decompositions into 
subspaces of even and odd sequences. Cm = Cr„,ev®Cm,odd and = ^m.cv®^m odd' 
for to S [0, oo]. 

Lemma 4.7. C Cm and Cm' C £m continuously for all m if 2m' — to > 1. 
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Proof. It is easy to see that ||c||c„ < Mel^ and|lc||£2^ < ||c||c„, (Efe(l+fc)""^'"V^^ 
for any c G Coo, where the last series is convergent because m — 2m' < — 1. □ 

Corollary 4.8. £^ = Coo o,s Frechet spaces. 

According to Section [2.2[ the "Fourier coefficients" mapping (p {{4'k,4')a) 
defines a quasi- isometry — > £^ for all finite m, and therefore an isomorphism 
— >■ Coo of Frechet espaces. This map is compatible with the decompositions 
into even and odd subspaces. 

Corollary 4.9. Any (f) G L^(R, \x\'^"' dx) is in Scr if and only if its "Fourier coeffi- 
cients" {<f>ki<f')(j o,fe rapidly degreasing on k. 

Proof. By Corollarv l4.51 the "Fourier coefficients" mapping defines an isomorphism 
'^cr — > Coo of Frechet spaces. □ 

Proposition 4.10. The operator is compact for m' > m. 

By using the "Fourier coefficients" mapping, Proposition 14.101 (a version of the 
Rellich theorem) follows from the following lemma (see e.g. [IHl Theorem 5.8]). 

Lemma 4.11. The operator t"^^^, ^ is compact for m' > m. 

Proof of Proposition \4-.4] For (j) Cz S^, its "Fourier coefficients" Ck — {4>kT4')(y form 
a sequence c = (cfc) in Coo, and Efc (1 + fc)"/^ < I!c||f2^, Jl + fc)"-™')i/2 by 
Cauchy- Schwartz inequality, where the last series is convergent since m — m' < —1. 
Therefore 

Y.\ck\{i + kr/'<c\m^„, (22) 

k 

for some C > independent of 0. 

On the other hand, for all «,j S N with i + j < m, there is some homogeneus 
non-commutative polynomial of degree i -I- j such that x'TJ = pij{B,B'). Then, 
by ©-(HI]), 

|(0fe,x^r»,|<a,(l + fc)"/2 ^ i^^i (23) 

\l-k\<m 

for some > independent of cj). 

Assume that cr > 0. By ^F^, ^ and Theorem [0(i), there is some > 0, 
independent of 4> and Xq, so that 

\x^\'' \{x'Tl4>){x^)\ < |a:or5^|(0fe,a:'ri0),||0fe(a;o)| 

fc 

- J2 \{^k,x^Ti^),\ \Uxo)\ < a, UWw^r' (24) 

k 

for all xq € M. Hence ||(/'||s™ < C"|j(/)||^ym' for some C" > independent of 0. 

Now suppose that a < 0. From ([22])" ([23|), and Theorem [211- (n) . fin) . it follows 
that there is some C-j > 0, independent of and xq, so that 

|(x'r^0)(xo)| < J2 \{^k,x'Tl^).\ \Mxo)\ < Mws^' 
fc 

if (/) e 5^,ov/odd, j-Kj is even/odd and |a;o| < 1; and \xq\'' |(a;*r^0)(a;o)| < C^- ||0||vi/^' 
otherwise, like in ([24]). Therefore H^H^™ < (^'II^Hw""' some some C" > inde- 
pendent of (/). □ 
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As suggested by (fTSi) . consider the mapping c — (ck) ^ S(c) — (c?^), where c is 
odd and S(c) is even with 



= E (-1)' 

fce{f+i,f+3,... } 



(fc - l)(fc-3)---(£ + 2)2s 

C/c 



y (fc + 2a)(fc - 2 + 2cr) • • • (£ + 1 + 2o-) 
for I even, assuming that this series is convergent. 

Lemma 4.12. S defines a bounded map — > Cm.cv if m' — m > 1. 
Proof. By the Cauchy-Schwartz inequahty, 



V- (fc- l)(fc-3)---(^ + 2)2s , 

<V2;sup ^ |cfc|(l+^)'" 

^ fc(E{f+l,^+3,... } 

1/2 

< \/2^||c||f2 ^ supl (l + k)-""' {1 + ly 

< V2;iicii,^ f^(i + fcr 

where the last series is convergent since m — m' < — 1. □ 

Corollary 4.13. x ^ defines a bounded operator S^^^^ S^^^ if 2m' > m + 7. 

Proof. Since 2m' > m + 7, there are mi, ma G N and m2 G such that 

m' — m3 > 1 , ma — m2 > 1 , 2m2 — mi > 1 , mi — m > 1 . 

Then, by Propositions 14.31 and 14.41 Lemmas 14.71 and 14.121 and using the "Fourier 
coefficients" mapping, we get the following composition of bounded maps: 

"-"cr.odd ^ ^"^(T.odd ^ ''ms.odd ^ '-'m2,ov ^ -f-mi.cv ^ '^'^(T,cv ^ '-'ct,cv ■ 

By (jl5p . this composite is an extension of the map : Sodd ^ Scv O 
Question 4.14. Is it possible to prove Corollarv 14. 131 without using ([15])? 
Corollary 4.15. x^^ defines a continuous operator S a, odd ^ Sa-.cv 
Lemma 4.16. S "^•'^"'^ff'^ <^ continuously for all m, where 

cT,cv/odd i(;,cr,cv/odd ^ ' 

-^O,cv/odd = , Afl,cv = 1 , A^l,odd = 4 , Af2^cv/odd = 5 , 

{m + 4 if m is even/odd 
, o ; • / (m > 3) . 

m + 3 ij m IS odd/even 

Proof. We proceed by induction on m. The case m = was already indicated in 
the proof of Lemma 13.81 Now, take any m > and assume that the result holds 
for m — 1. 

For e C^, i + j < m with j > and a; e M, we have \x^4>^^\x)\ — 
\x\T,4,y^-^\x)\ with T,(j) g C^d, obtaining < ||T,</)||5™-i . But, by the 

induction hypothesis and because Mm.cv = -^^m-i,odd + l, there are some C, C" > 0, 
independent of 0, such that UTo-^Ugm-i < C Urcr^H odd < C ||(?!)|| M„,ev • 
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For (j) G C'^d' ~ X ^(j), and take i, j and x as above. We have 



X 



with T„<j),^ G C^, obtaining jj^lj^™^ < \\TA\\s^--' + ^ |c7| HV^IU^-i. But, by 
the induction hypothesis, Coroharv 14.131 and since M„i^odA > -^m-i,ov + 1 and 
2Mm^odd > Mm-i.cv + 7, there are some C, C" > 0, independent of 0, such that 



<c'll0IL-™.odd . □ 



Corollary 4.17. 5^ J^/Jdd " ^ 5^"/odd 

continuously Jar all m, where 



Mo,cv = 1 , Mo,odd = 4 , Mi^cv/odd = 5 (o- < 0) , 
Mo,cv/odd = 5 (0 < a < 1) , 
I m' + 5 if m' is odd/even , . ^, 

M„.ev/odd=<^ / /^^ (™ =™+:5M(M +1)>2). 

I m + 4 1/ m js even/odd I 
Proof. This fohows from Lemmas 13.21 13.41 and 14.161 □ 
Corollary 4.18. Sa = S as Frechet spaces. 

Proof. This is a consequence of Coroharies 13.101 and 14.171 □ 



Theorems 11.11 and 11.21 follow from Corollaries 13.101 and 14 . 1 71 and Propositions 14.31 
and 14.41 

5. Perturbations of H on R+ 

We consider perturbations of H on M_|_ obtained by restricting the even compo- 
nent of L to R+, and then conjugating it by the operator of muhiphcation by a 
positive function defined almost everywhere on R+. 

Since the function \x\'^"' is even, the decomposition S = Scv ® ^odd extends to 
an orthogonal decomposition 

L2(]R, Ixp"" dx) = Ll^{R, Ixl^" dx) © Ll^^{m., dx) . 

Let iev/odd and C^v/odd, or Lcr,ev/odd and >Ccr,ev/odd) denote the components of 
L and C with respect to these decompositions, iev/odd is essentially self-adjoint 
in icv/odd(-'^' |a;p'^da;), and its self-adjoint extension is £ov/oddi which satisfies an 
obvious version of CoroUarv 11.31 

Fix an open subset U C M+ of fuU Lebesgue measure. Let 5ov/odd,;7 C C^{U) 
denote the linear subspace of restrictions to U of the functions in 5cv/odd- The 
restriction to U defines a linear isomorphism 5ov/odd — '5cv/odd,;7j and a uni- 
tary isomorphism iev/odd(^' I'^l^'^ — i^(M+, 2a;^'^ dx). Via these isomorphisms, 
Lov/odd corresponds to an operator iov/odd.t/ on 5cv/odd,f7: and /Ccv/odd corre- 
sponds to a self-adjoint operator £cv/odd,+ in i^(M+, da;); the more explicit 
notation L„,.v/odd,u and >Ccr, cv/odd, -i- may be used. Let (fjk^u = 4>k\u, whose norm 
in L'^i^.+ .x'^" dx) is l/^/2. 

Going one step further, for any positive function h £ C'^{U), the multiplication 
by h defines a unitary isomorphism h : L^(R+, x^'^ dx) — L^(M+, x^'^/i"^ dx). Thus 
hLcv,uh^^, with domain hSev,u, is essentially self-adjoint in L^(M+, x^'^/i^^ dx). 
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and its self-adjoint extension is hCcv,+h ^. Via these unitary isomorphisms, we get 
an obvious version of Corollary 11.31 for hCcv,+h^^ ■ By using 



— h 

dx ' 



h' 



— ,h 



2/i'A + h" , (25) 
dx 



it easily follows that hLcv.jjh ^has the form of P in Theorem 11.41 with /i e C^{U) 
and /2 G C{U). Then Theorem ll.4l is a consequence of the following. 

Lemma 5.1. For a > —1/2, a positive function h e C^{U), and P = iJ — 2/i ^ + 
/2 TO^/i /i G C^(t/) and /2 G C{U), we have P = /iLo.,cv,c/^^^ on hScv,u */ '"^'^ 
on^?/ /2 a'^rf /i satisfy the conditions of Theorem \1.4\ 

Proof. By 



h-^Ph = H- 2(h-^h' + fi)4- - h-^h" - 2h'^fih' + /2 . 

dx 

So P = HL^^^^^uh-^ if and only if /i-^/i' = - /i and /2 = /I'^/i" + 2h-^h'fi, 
which are easily seen to be equivalent to the conditions of Theorem 11.41 □ 

Remark 3. By (|25p . we get an operator of the same type if h and ^ is interchanged 
in the operator P of Theorem 11.41 

Remark 4. By using ()25p with h — x^^ on M+, it is easy to check that io-,odd.R+ — 
xLi^cr,cv,R+x~^ on 5odd,K+ — xScvM+- So uo new operators are obtained with this 
process by using Lo-.odd instead of Lo-.ov 
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